Long-range dispersion coefficients for Li, Li+, and Be+ interacting with the rare gases by Tang, Li-Yan et al.
Long-range dispersion coefficients for Li, Li+, and Be+ interacting with the
rare gases
Li-Yan Tang, Jun-Yi Zhang, Zong-Chao Yan, Ting-Yun Shi, and J. Mitroy 
 
Citation: J. Chem. Phys. 133, 104306 (2010); doi: 10.1063/1.3478984 
View online: http://dx.doi.org/10.1063/1.3478984 
View Table of Contents: http://jcp.aip.org/resource/1/JCPSA6/v133/i10 
Published by the AIP Publishing LLC. 
 
Additional information on J. Chem. Phys.
Journal Homepage: http://jcp.aip.org/ 
Journal Information: http://jcp.aip.org/about/about_the_journal 
Top downloads: http://jcp.aip.org/features/most_downloaded 
Information for Authors: http://jcp.aip.org/authors 
Downloaded 10 Jul 2013 to 138.80.0.10. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
Long-range dispersion coefficients for Li, Li+, and Be+ interacting
with the rare gases
Li-Yan Tang,1,2,a Jun-Yi Zhang,3 Zong-Chao Yan,4 Ting-Yun Shi,1 and J. Mitroy3
1State Key Laboratory of Magnetic Resonance and Atomic and Molecular Physics, Wuhan Institute of
Physics and Mathematics, Chinese Academy of Sciences, Wuhan 430071, People’s Republic of China
2Graduate School of the Chinese Academy of Sciences, Beijing 100049, People’s Republic of China
3School of Engineering, Charles Darwin University, Darwin, Northern Territory 0909, Australia
4Center for Cold Atom Physics, Chinese Academy of Sciences, Wuhan 430071, People’s Republic of China;
Department of Physics, Wuhan University, Wuhan 430072, People’s Republic of China; and
Department of Physics, University of New Brunswick, Fredericton, New Brunswick E3B 5A3, Canada
Received 27 April 2010; accepted 23 July 2010; published online 14 September 2010
The long-range dispersion coefficients for the ground and excited states of Li, Li+, and Be+
interacting with the He, Ne, Ar, Kr, and Xe atoms in their ground states are determined. The
variational Hylleraas method is used to determine the necessary lists of multipole matrix elements
for He, Li, Li+, and Be+, while pseudo-oscillator strength distributions are used for the heavier rare
gases. Some single electron calculations using a semiempirical Hamiltonian are also performed for
Li and Be+ and found to give dispersion coefficients in good agreement with the Hylleraas
calculations. Polarizabilities are given for some of the Li and Li+ states and the recommended 7Li+
polarizability including both finite-mass and relativistic effects was 0.192 486 a.u. The impact of
finite-mass effects upon the dispersion coefficients has been given for some selected interatomic
interactions. © 2010 American Institute of Physics. doi:10.1063/1.3478984
I. INTRODUCTION
Developments in the trapping and cooling of ions and
atoms have resulted in an appreciation of the importance of
precise descriptions of atom-atom and ion-atom
interactions.1–9 The present work reports the long-range in-
teractions of three light atoms and ions, namely, Li, Li+, and
Be+ with the rare-gas atoms. These systems, Li, Li+, and Be+,
have the virtue that close to exact values of many expecta-
tion values and matrix elements can be obtained with
Hylleraas-type wave functions.
The dispersion coefficients of the low-lying states of Li
are also important for the interpretation of pressure broaden-
ing experiments.10–13 There have been some previous theo-
retical investigations of the Li-rare gas dispersion
interactions,14,15 with the most comprehensive work being
the recent compilations by Zhang et al.16,17
Collisions between the alkaline-earth ions and the rare
gases RGs occur in a number of different contexts. One
application is in the pressure broadening of the transitions of
singly charged alkaline-earth ions in the presence of the rare
gases.18–20 The dispersion interaction can also play an impor-
tant part of binding between metal ions and the rare gases.21
Another application concerns the transport of alkaline-earth
cations through rare gases.22–24
Experimental investigations of the transport of the Li+
ion in the rare gases have prompted investigations of the
interaction potentials between Li+ and the rare gases.25–33
The data for most transport experiments are obtained at room
temperatures where the small size of Li+-RG dispersion in-
teraction will not have much influence. However, interest in
ion-atom interactions at ultracold temperatures is
increasing4,34,35 and here the precise values of the dispersion
coefficients are more important. The Li+–He system is a
four-electron system and thus very high precision calcula-
tions of the interaction potential are possible.36,37 Indeed,
there have been numerous investigations of the dispersion
interaction for the Li+–He dimer.38–41 Existing dispersion
coefficients between Li+ and the heavier rare gases have pre-
viously been generated using a density functional approach42
and combination rules.27
For lithium, dispersion coefficients with the rare gases
are presented for the lowest five states, the 2 2S, 2 2P, 3 2S,
3 2P, and 3 2D states. Dispersion coefficients are only given
for the 2 2S and 2 2P states of the Be+ ion. The present
results for Li and Be+ can be regarded as an extension of
previous work.43–45 For the Li+ ion, polarizabilities and dis-
persion coefficients are confined to the Li+ ground state. A
simple semiempirical one electron model has also been ap-
plied to the determination of the Li and Be+ dispersion coef-
ficients in those cases where Hylleraas calculations would
have been tedious to perform. One unusual aspect is the di-
versity of different approaches used to generate the raw data
for the dispersion calculations. Lists of matrix elements from
Hylleraas calculations, and one-electron effective potential
calculations, as well as empirically generated pseudo-
oscillator strengths have been combined and utilized. All
quantities are given in atomic units a.u..aElectronic mail: lytang@wipm.ac.cn.
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II. LONG-RANGE POLARIZATION AND DISPERSION
INTERACTIONS
The long-range interaction between an electrically
charged ion and an electrically neutral atom has two
components.1,27,46,47 First of all there is the adiabatic polar-
ization interaction, which can be written as
VR = −
1
2
Q21R4 + 2R6 + 3R8 + ¯ , 1
where Q is the total charge of the ion, 1, 2, and 3 are the
dipole, quadrupole, and octupole polarizabilities of the neu-
tral atom, and R is the distance between two nuclei. This part
of the long-range interactions does not lead to a frequency
shift between different states of the ion. The leading correc-
tion to the adiabatic polarization interaction of a charged
particle in the presence of a neutral atom can be written,48,49
VdynR =
3Q21
MR6
+ ¯ , 2
where 1 is related to the dipole polarizability48 of the neu-
tral atom and M=MAMB / MA+MB, where MA and MB are
the nuclear masses of the charged particle and neutral
atom.48 This term has been called the adiabatic correction in
Ref. 48 and in other works called the nonadiabatic correc-
tion! The term 1 is defined as
1 = 
n
f0n
2E0n
3 , 3
where f0n is the absorption oscillator strength between the
ground state and state n, and E0n is the excitation energy.
The dynamic polarization potential, Eq. 2, makes a correc-
tion that takes the motion of the charged particle into con-
sideration. This term is finite even if the neutral particle has
infinite mass. There are additional dynamic terms of order
OR−7, OR−8 Refs. 50 and 51 which are not given here.
In addition to this, there is a dispersion interaction. For
two spherically symmetric atoms, this interaction can be
written,52,53
VR = −
C6
R6
−
C8
R8
−
C10
R10
− ¯ , 4
where Cn are the dispersion coefficients. The dispersion in-
teraction does lead to a frequency shift between two ion
states when the ion is immersed in a buffer gas. The leading
correction to the adiabatic dispersion coefficient is a term of
order OR−8.48,54 This is termed the nonadiabatic correction
in the present paper despite being called the adiabatic correc-
tion in Ref. 48. For two atoms, A and B, it can be written as
V8
non-adR = −
C8
non-ad
R8
=
45
4MR8mn
f0nA f0mB
E0n
A E0m
B E0n
A + E0m
B 2
. 5
In this expression, the A and B superscripts are used to iden-
tify the two atoms. The nonadiabatic correction terms are not
framed in the Born–Oppenheimer approximation. Rather, the
two interacting atomsions are treated as two separate ob-
jects with nonoverlapping charge distributions. The internal
properties of each entity, such as the polarizability, depend
weakly on the total nuclear mass of each entity. However, the
nonadiabatic motion of the two entities relative to each other
depends on the value of M. When the term “finite-mass” is
used in this paper, it is used to refer to polarization and
dispersion coefficients that came from a finite-mass calcula-
tion of atomic structure. The term nonadiabatic is used to
refer to terms in the interaction that arise from Eq. 5.
The approach used to generate the dispersion
coefficients55 is based on the work of Dalgarno who did
many of the early calculations utilizing oscillator strength
sum rules.52,53 This reduces the calculation of the Cn param-
eters for two spherically symmetric atoms to summations
over the products of the absorption oscillator strengths di-
vided by an energy denominator. The sums should include
contributions from all discrete and continuum excitations. In
practice a pseudostate representation is used which gives a
discrete representation of the continuum.55–57 Finite dimen-
sion sums over a pseudostate basis provide a rapidly conver-
gent expansion over the continuum of intermediate states
provided all the pseudostates are retained.50,51,58 The sum
over oscillator strengths needs to be rewritten in terms of a
sum over the reduced matrix elements of the electric multi-
pole operator in cases where one or both of the atoms is in
a state with L0.55
The major part of any calculation involves the genera-
tion of the lists of reduced multipole matrix elements be-
tween atomic states appearing in the expressions for the dis-
persion coefficients. In the present approach this is done by
diagonalizing a Hamiltonian in a large Hylleraas basis. This
gives the spectrum of the low-lying physical states as well as
a discretization of the positive energy continuum. It is then a
relatively straightforward calculation to use the procedures
outlined previously55 or alternate approaches43,44 to process
the lists of matrix elements and generate the dispersion co-
efficients.
III. ATOMIC STRUCTURE DESCRIPTIONS
The detailed description of the procedures used to com-
pute the atomic matrix elements and tables of transition ma-
trices has been described in many works.17,43,44,57 Accord-
ingly, the descriptions presented are relatively brief. The
nuclear masses adopted in this work for 7Li and 9Be+ are
12 786.391 639 01me and 16 424.204 145 58me, respec-
tively, where me is the mass of electron.
A. The Hylleraas method
The Hylleraas approach allows for very precise repre-
sentations of nonrelativistic wave functions. A recent ad-
vance has been in the use of basis sets with double or mul-
tiple sets of the exponential parameters.15,43,46,59,60
The Hylleraas basis functions for a three-electron system
are written,
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r1
j1r2
j2r3
j3r12
j12r23
j23r31
j31e−tr1−tr2−tr3Y1212,3
LM rˆ1, rˆ2, rˆ3 , 6
where the index t labels different sets of nonlinear param-
eters t, t, and t. Except for some truncations to avoid
linear dependence, all terms are included such that
j1 + j2 + j3 + j12 + j23 + j31 . 7
The wave function for a two-electron system is expanded in
terms of the explicitly correlated basis set in Hylleraas coor-
dinates,
r1
i r2
j r12
k e−tr1−tr2Y12
LM rˆ1, rˆ2 . 8
B. The semiempirical approach
The effective Hamiltonian for an active electron is writ-
ten,
H = − 12
2 + Vdirr + Vexcr + Vp1r , 9
where the direct Vdir and the exchange Vexc interactions of
the valence electron with the Hartree–Fock HF core are
calculated exactly and the -dependent polarization potential
Vp1 is semiempirical in nature with the functional form,
Vp1r = − 
m
coreg
2r
2r4
	m
m	 . 10
Above, the coefficient core is the static dipole polarizability
of the core and g
2r=1−exp−r6 /	
6 is a cutoff function
designed to make the polarization potential finite at the ori-
gin. In our calculations, the cutoff parameters 	 were tuned
to reproduce the binding energies of the low-lying states of
Li and Be+. The core polarizabilities were set to be 0.1925
a.u.
57 for Li+ and 0.0523 a.u.57 for Be2+. The effective Hamil-
tonian is diagonalized in a large basis mostly consisting of
Laguerre-type orbitals leading to a close to exact numerical
solutions for the wave functions of the low-lying states and
their associated pseudoexcitation spectra. This approach to
the determination of atomic structure is referred to as the
configuration interaction plus core polarization CICP
method in the remainder of this article.
It should be noted that excitations from the core are in-
cluded in calculations of the dispersion coefficients. Pseudo-
oscillator strength distributions for the core are constructed
using the core polarizabilities and included in the evaluation
of the dispersion coefficients.16,55
C. Li structure
The determination of the dispersion coefficients entails
relatively few new calculations. Hylleraas calculations for
the Li2 2S, Li2 2P, and Li3 2D states have already been
described43 and the present work utilizes these calculations.
New calculations of the energy eigenvalues were performed
for the Li3 2S and Li3 2P states. The results are listed in
Table I.
The specific details of the effective Hamiltonian of the
semiempirical calculations can be found in Refs. 17 and 57.
Polarizabilities for the Li3 2S and Li3 2P states are listed
in Table II. The CICP calculations agree with the Hylleraas
calculations at the 1% level.
D. Be+ structure
The determination of the dispersion coefficients entailed
no new calculations. The Hylleraas and CICP calculations
for the Be+ states used in the present work have been previ-
ously described in Ref. 44.
E. Li+ structure
Table III lists the polarizabilities for 
Li+ and 7Li+.
The ground-state energies of 
Li+ and 7Li+
TABLE I. Comparisons of the binding energies in a.u. of Li in 3 2S and 3 2P states. The experimental valence
binding energies are taken from the National Institute of Standards and Technology database Ref. 69. The
J-weighted average is used for states with L1. The ground-state energies for the 
Li+ and 7Li+ ions are
7.279 913 412 669 305 91 and 7.279 321 519 738 427 61 a.u., respectively. The numbers in parentheses
give the computational uncertainties in the energies.
State
Absolute energies: Theory Binding energies: Theory Expt.

Li 7Li 
Li 7Li 6,7Li
3 2S 7.354 098 421 14 7.353 500 487 94 0.074 185 008 4 0.074 178 968 16 0.074 182
3 2P 7.337 151 7081 7.336 556 3621 0.057 238 295 3 0.057 234 842 26 0.057 236
TABLE II. The polarizabilities for 
Li and 7Li in their 3 2S and 3 2P states in a.u.. The numbers in parentheses give the computational uncertainties in the
polarizabilities.
System Method 1 1T 2 3

Li3 2S Hylleraas 4129.9345 ¯ 3.558 3902105 3.153 921107
7Li3 2S Hylleraas 4131.3225 ¯ 3.558 7462105 3.154 241107

Li3 2S CICPa 4135 ¯ 3.564105 3.159107

Li3 2P Hylleraas 2.826 1134104 2169.843 4.663 992105 4.197 094108
7Li3 2P Hylleraas 2.825 0034104 2168.333 4.663 863105 4.195 174108

Li3 2P CICPa 2.845104 2188 4.669105 4.222108
aReference 17.
104306-3 Long-range dispersion coefficients J. Chem. Phys. 133, 104306 2010
Downloaded 10 Jul 2013 to 138.80.0.10. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
are 7.279 913 412 669 305 91 a.u. and
7.279 321 519 738 427 61 a.u., respectively. There is per-
fect agreement with the previous Hylleraas-type calculation
for the 
Li+ polarizability by Zhu et al.41 There are some
small differences with the results of Bhatia and Drachman61
for the 
Li+ polarizabilities. The level of agreement for 2
and 3 is up to the sixth digit. However there are discrepan-
cies with the finite-mass values of Bhatia and Drachman61
for 2 and 3.
Two internal consistency checks have been performed to
ensure the reliability of our results. First, the polarizabilities
for infinite and finite masses can be expanded as
M = 
 + A
me
M
+ OmeM 
2 , 11
where M is the nuclear mass. Substituting our calculated
quadrupole polarizabilities for 
Li+ and 7Li+ gives rise to
A=0.176 293 781 225 9. The above equation 11 then pre-
dicts a value for the 6Li+ quadrupole polarizability, which is
2=0.113 903 424 56 a.u., in comparison with
0.113 903 424 32 a.u., calculated directly using variational
Hylleraas basis sets.
Another check is to verify the generalized Thomas–
Reiche–Kuhn sum rule,62


2
3
		d0	
	
2
= 
i=0
n qi
2
mi
−
QT2
MT
. 12
All the definitions of notations in above equation can be
found in Ref. 62. Summing over the oscillator strengths for
7Li+, one obtains a value of 2.000 625 677 408 for the left
hand side of Eq. 12, which is in perfect agreement with the
right hand side 2+9 /M −1 / 2+M=2.000 625 677 409.
Johnson and Cheng performed large-basis B-spline non-
relativistic and relativistic configuration interaction CI cal-
culations for the polarizabilities of the helium isoelectronic
series.63 The relativistic correction was determined to be
−4.48510−5 for 
Li+. This suggests a recommended value
of 0.192 486=0.192 531−0.000 045 a.u. for the 7Li+ polar-
izability.
F. Wave functions and transition operators for the
rare gases
The transition arrays for the rare gases are almost ex-
actly the same as those in previous investigations of the dis-
persion interactions involving the low-lying states of the al-
kali atoms and magnesium with these atoms.17,64 The arrays
for helium come from Hylleraas calculations and should be
regarded as producing essentially exact polarizabilities and
dispersion coefficients.
The dipole oscillator strength distributions for the rare
gases were taken from the pseudo-oscillator strength distri-
butions of Kumar and Meath.65,66 The quadrupole and octu-
pole pseudo-oscillator strengths were taken from Ref. 17. In
this work, HF single particle energies and radial matrix ele-
ments were tuned to high precision calculations of the rare-
gas polarizabilities and the C8 and C10 dispersion parameters.
The uncertainties in C6 associated with the pseudo-oscillator
strength distribution should be 1%. The uncertainties in the
C8 and C10 coefficients can be expected to be larger.17
Table IV summarizes the polarizabilities that are ob-
tained from the rare-gas transition matrix elements and
pseudo-oscillator strength distributions. The present Hyller-
aas polarizabilities for helium agree with previous calcula-
tions using the Hylleraas method.15,67
IV. RESULTS AND DISCUSSION
The dispersion coefficients between the rare gases and
the low-lying states of Li and Be+ are given in Tables V–XI.
TABLE III. Ground-state polarizabilities for 
Li+ and 7Li+ in a.u.. The number in parentheses gives the
computational uncertainty in the polarizability.
Method 1 1 2 3

Li+
Hylleraas: Present 0.192 453 207 8672 0.035 280 832 221 0.113 887 342 151 0.168 429 834 61
Hylleraasa 0.192 453 204 0.035 280 830 4 0.113 887 296 0.168 429 083
Hylleraasb 0.192 453 207 8665 ¯ 0.113 887 342 11 0.168 429 8333
7Li+
Hylleraas: Present 0.192 530 569 7273 0.035 297 056 043 0.113 901 129 761 0.168 450 665 71
Hylleraasa 0.192 530 566 0.035 286 014 3 0.113 879 20 0.168 454 52
aReference 61.
bReference 41.
TABLE IV. The polarizabilities of the rare gases in their ground states in
a.u.. All values for helium listed in the table are derived from infinite-mass
Hylleraas calculations. The polarizabilities for the heaver rare gases are
computed from pseudo-oscillator strength distributions as discussed in the
text. Polarizabilities from other Hylleraas calculations Refs. 15 and 67 are
also listed. The number in parentheses represents the computational uncer-
tainty.
He Ne Ar Kr Xe
1
1.383 192 174 51 2.669 11.08 16.79 27.16
1.383 192 174 405a
1.383 192 174 4551b
2
2.445 083 1051 7.518 52.80 98.20 213.7
2.445 083 1012a
3
10.620 329 131 42.07 536.4 1255 3455
10.620 328 62a
1
0.707 510 144 01 1.266 8.391 14.62 28.19
aReference 15.
bReference 67.
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Most of the Hylleraas dispersion coefficients in Tables V–XI
were computed with two independent numerical procedures.
First of all, the formula described in Ref. 43 was initially
used to compute the dispersion coefficients. Second, the Hyl-
leraas calculations were used to generate lists of reduced
matrix elements that could subsequently be input into the
calculational machinery outlined in Refs. 16 and 17.
Tables V–IX give Li-RG dispersion coefficients com-
puted from the Hylleraas and the CICP calculations. Having
two sets of calculations permitted simple crosschecks that
helped to minimize the chance of gross calculational error.
Another advantage is that it expedited the determination of
C10. While Hylleraas calculations can be very accurate, they
are computationally much more expensive than the CICP
calculations. This is especially true in the case of C10 due to
the multiplicity of angular momentum symmetries that can
contribute. Accordingly, one-electron calculations were used
to compute C10. Comparisons between CICP and Hylleraas
C8 values suggest a minimal loss in accuracy due to the
usage of CICP transition matrix elements.
Error estimates are given when both atoms ions in the
Cn calculation have had their structure determined with Hyl-
leraas calculations. This estimate should be regarded as the
computational error associated with the nonrelativistic
Hylleraas calculations. It does not take into account the
changes due to relativistic effects. No error estimates are
given for the dispersion coefficients involving the heavier
rare gases. The uncertainties associated with the rare-gas
pseudo-oscillator strength distributions, of the order of 1%
for the dipole, are sufficiently large to make any error asso-
ciated with the Hylleraas calculations irrelevant.
A. Li„2 2S…-rare gas dispersion coefficients
The C6, C8, and C10 dispersion coefficients for the
lithium ground state and the rare gases are tabulated in Table
V. Dispersion coefficients from three different Li structure
calculations are listed. First, there are nonrelativistic Hyller-
aas calculations performed in the infinite Li mass approxi-
mation. Next, Hylleraas calculations have been performed
TABLE V. The long-range dispersion coefficients C6, C8, and C10 in a.u. for the Li2 2S state interacting with
the RG atoms. Hylleraas values are given for both 7Li and 
Li. The CICP values implicitly for 
Li are taken
from Refs. 17 and 68. The number in parentheses represents the computational uncertainty.
System C6 C8 C10

Li–He 22.5091 1.083 182103 7.260 122104
7Li–He 22.5131 1.083 232103 7.260 422104
CICPa 22.512 1.084103 7.260104

Li–Ne 43.780 2.2274103 1.5293105
7Li–Ne 43.788 2.2275103 1.5294105
CICPb 43.79 2.229103 1.531105

Li–Ar 173.97 9.4873103 6.7765105
7Li–Ar 174.00 9.4879103 6.7769105
CICPb 174.0 9.493103 6.781105

Li–Kr 259.58 1.4755104 1.0863106
7Li–Kr 259.63 1.475 65104 1.0864106
CICPb 259.6 1.476104 1.087106

Li–Xe 410.67 2.5194104 1.9561106
7Li–Xe 410.75 2.5196104 1.9562106
CICPb 410.7 2.521104 1.957106
aReference 68.
bReference 17.
TABLE VI. The C6, C8, and C10 in a.u. dispersion coefficients for the 
Li2 2P-RG interaction. The Mb column denotes the magnetic quantum number of
the excited state. The CICP values for Ne, Ar, Kr, and Xe were taken from Ref. 17. The number in parentheses represents the computational uncertainty.
System
Hylleraas CICP
Mb C6 C8 C6 C8 C10
He 0 50.68222 7.849 691103 50.71 7.854103 9.142105
1 28.26322 3.051 295102 28.27 3.055102 1.486104
Ne 0 98.160 1.5476104 98.22 1.549104 1.849106
1 54.899 7.5131102 54.92 7.522102 3.586104
Ar 0 400.88 6.3751104 401.1 6.379104 7.846106
1 220.07 3.9661103 220.1 3.969103 1.949105
Kr 0 604.62 9.6844104 604.9 9.690104 1.216107
1 329.56 6.8143103 329.6 6.818103 3.529105
Xe 0 972.33 1.5827105 972.8 1.584105 2.062107
1 524.34 1.3507104 524.4 1.351104 7.578105
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for the finite-mass 7Li system. The tabulated finite-mass val-
ues of C8 do not include the nonadiabatic contribution of Eq.
5. Finally, the results from a previous CICP calculation17
have been included for comparison purposes.
The impact of using the finite nuclear mass is to margin-
ally increase the size of the dispersion coefficients. For ex-
ample, C6 for the Li2 2S–Ne dimer was increased by
0.007 69 a.u. or 0.0176%. The value of C8 was increased by
0.111 a.u. or 0.004 98%. The uncertainty associated with us-
ing the rare-gas pseudo-oscillator strengths of Kumar is
about 1%, so the impact of using finite-mass values is sig-
nificantly smaller than the inherent uncertainty implicit in the
calculation.
The nonadiabatic C8 coefficient was calculated for
7Li–Ne using nuclear masses of M7Li=12 786.4me and
MNe=36 775me. It was found to be C8non-ad=−0.026 a.u. The
magnitude of the C8
non-ad correction is about 25% of the size
of the correction to C8 of 0.111 a.u. arising from the use of
the finite-mass 7Li list of matrix elements. The nonadiabatic
correction to C8 is repulsive, so it tends to cancel the increase
in C8 due to the finite-mass structure model.
Relativistic effects are not included in the Hylleraas cal-
culations. Relativistic effects tend to make polarizabilities
smaller, and thus one can reasonably infer that any disper-
sion coefficients will also decrease. Since relativistic and
finite-mass effects roughly cancel,45 the infinite-mass disper-
sion coefficients are probably closer to the actual dispersion
coefficients than the finite-mass dispersion coefficients. In
subsequent tables, we only present dispersion coefficients for
infinite-mass structure models. We also do not provide tabu-
lations of C8
non-ad since these would change C8 by an amount
that is smaller than the finite-mass corrections.
One of the most notable aspects of Table V is the excel-
lent agreement between the CICP and Hylleraas dispersion
coefficients. The level of agreement is about 0.1% for most
dispersion coefficients.
B. Li-rare gas dispersion coefficients: Excited Li
states
Tables VI–IX give the dispersion coefficients for the
Li2 2P, Li3 2S, Li3 2P, and Li3 2D interacting with
the rare gases. The dispersion coefficients with helium are
included in the tables for completeness purposes even in
cases where they have been published previously.68 The very
good agreement of Cn between the Hylleraas and CICP sug-
gests that using CICP values for C10 will not lead to any
significant error in the overall dispersion interaction.
C. Be+-rare gas dispersion coefficients
High precision Hylleraas calculations of the
Be+2 2S ,2 2P–He dispersion coefficients have been pub-
lished in Ref. 44. Results of these calculations are repro-
duced here for completeness purposes. Table X gives a com-
plete list of the dispersion coefficients of Be+ ground state
interacting with the ground states of the rare gases. There
were neither theoretical nor experimental results for rare
TABLE VII. The long-range dispersion coefficients C6, C8, and C10 in a.u. for the 
Li3 2S-RG interaction. The CICP values for RG atoms heavier than
He are taken from Ref. 17. For 
Li–He system, the computation uncertainties are given in the parentheses.
System
Hylleraas CICPa
C6 C8 C10 C6 C8 C10
He 160.4125 4.186 141104 1.309 161107 160.7 4.190104 1.311107
Ne 309.88 8.1766104 2.5747107 310.4 8.185104 2.578107
Ar 1278.2 3.4062105 1.0760108 1280 3.410105 1.077108
Kr 1932.1 5.1838105 1.6432108 1934 5.189105 1.645108
Xe 3114.4 8.4718105 2.7059108 3118 8.480105 2.710108
aReference 17.
TABLE VIII. The C6, C8, and C10 in a.u. dispersion coefficients for the 
Li3 2P-RG interaction. The Mb column denotes the magnetic quantum numbers
of the excited state particles. The CICP dispersion coefficients have not been previously published. The number in parentheses represents the computational
uncertainty.
System
Hylleraas CICP
Mb C6 C8 C6 C8 C10
He 0 324.7105 2.473 571105 324.9 2.476105 1.148108
1 184.7744 7.827 535103 184.9 7.834103 1.825106
Ne 0 626.97 4.7946105 627.4 4.799105 2.242108
1 356.93 1.6175104 357.2 1.619104 3.713106
Ar 0 2594.6 1.9856106 2596 1.987106 9.340108
1 1472.8 7.2123104 1474 7.218104 1.587107
Kr 0 3927.0 3.0086106 3929 3.011106 1.421109
1 2226.7 1.1414105 2228 1.142105 2.477107
Xe 0 6341.6 4.8727106 6345 4.877106 2.323109
1 3590.0 2.0017105 3592 2.003105 4.258107
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gases heavier than helium in existence before, so the present
data represent a milestone on the road to an accurate deter-
mination of the Be+-RG interactions.
Table XI lists the dispersion coefficients for the
Be+2 2P excited state interacting with the RG ground
states. The C6 values for the  symmetry M =0 are about
twice as large as those from the 2 2S ground state, while the
 symmetry values are about the same size as the ground
state. A notable feature is the excellent agreement of the
CICP calculations with the more accurate Hylleraas calcula-
tions. The agreement is at the 0.1% level of accuracy.
The comparison of the 
Be+ and 9Be+ coefficients re-
veals that finite-mass effects impact the Cn values at the
0.01% level of accuracy for the 2 2S ground state. Finite-
mass dispersion coefficients are not shown for the 2 2P state
for reasons of brevity.
The relative importance of the C6 /R6 and the 2 / 2R6
interactions for the Be+2 2S–He interaction can be esti-
mated by using the data from Tables IV and X. The value of
C6=6.981 a.u. is about six times as large as 2 /2
=1.2225 a.u. The relative importance of the C6 dispersion
term with respect to the quadrupole terms diminishes for the
more polarizable Xe atom. In this case the two interactions
are roughly equal in magnitude. The other term in the inter-
action of order 1 /R6, namely, Eq. 2, is due to 1. Using
MXe=239 278me and M9Be+ =16 424.2me, the value of
31 /M was 0.0055 a.u. for Be+–Xe. This term is only
0.0046% the size of C6=118.9 a.u. due to the inverse scal-
ing with mass in Eq. 2. The contribution from Eq. 2 was
much smaller than the change in C6, i.e., 0.031 a.u., resulting
from the use of the finite-mass structure model for 9Be+.
TABLE X. The long-range dispersion coefficients C6, C8, and C10 in a.u. for the Be+2 2S state interacting
with the RG atoms. Hylleraas calculations are reported in the rows identified as 
Be+-RG and 9Be+-RG. For
Be+–He interactions, the computational uncertainties are given in the parentheses.
System C6 C8 C10

Be+–He 6.98111 120.4253 2.764 693103
9Be+–He 6.98291 120.4343 2.764 834103
CICP 6.979 120.44 2.765103

Be+–Ne 13.710 273.96 6.8448103
9Be+–Ne 13.713 273.99 6.8452103
CICP 13.71 274.0 6.846103

Be+–Ar 52.096 1252.9 3.8030104
9Be+–Ar 52.109 1253.1 3.8034104
CICP 52.08 1253 3.803104

Be+–Kr 76.642 2040.9 6.9150104
9Be+–Kr 76.662 2041.2 6.9158104
CICP 76.63 2041 6.915104

Be+–Xe 118.89 3750.3 1.4907105
9Be+–Xe 118.92 3751.0 1.4909105
CICP 118.9 3750 1.491105
TABLE IX. The C6, C8, and C10 in a.u. dispersion coefficients for the 
Li3 2D-RG interaction. The Mb column denotes the magnetic quantum numbers
of the excited state particles. The CICP dispersion coefficients for RG atoms heavier than helium are taken from Ref. 17. The number in parentheses represents
the computational uncertainty.
System
Hylleraas CICP
Mb C6 C8 C6 C8 C10
He 0 221.7427 1.615 6172105 221.8 1.615105 9.240107
1 196.9026 5.835 3687104 196.9 5.835104 5.270106
2 122.3844 −8.694 512103 122.4 −8.694103 −1.328105
Ne 0 428.25 3.1320105 428.3 3.132105 1.800108
1 380.32 1.1385105 380.4 1.138105 1.087107
2 236.53 −1.6096104 236.5 −1.609104 −2.874105
Ar 0 1770.0 1.2987106 1770 1.299106 7.474108
1 1570.8 4.7231105 1571 4.723105 4.755107
2 972.94 −6.2000104 972.9 −6.199104 −1.395106
Kr 0 2678.1 1.9691106 2678 1.969106 1.135109
1 2375.9 7.1739105 2376 7.173105 7.481107
2 1469.3 −8.9768104 1469 −8.975104 −2.209106
Xe 0 4323.4 3.1929106 4323 3.193106 1.848109
1 3833.9 1.1685106 3834 1.168106 1.303108
2 2365.4 −1.3255105 2365 −1.325105 −3.814106
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D. Li+-rare gas dispersion coefficients
The dispersion coefficients for the Li+-RG interactions
are listed in Table XII. Some earlier calculations of the

Li+–He dispersion coefficients using the Hylleraas
method41 are given. Dispersion coefficients computed using
Kohn–Sham density functional theory DFT are taken from
Ref. 42. Also listed are dispersion coefficients computed us-
ing combination rules CRs.27 These older calculations give
dispersion coefficients within 5% of the present values for
C6.
However, this level of agreement is not maintained for
the neon and argon C8 and C10. The CR C8 values are much
too small, in the case of neon by about 30%. The DFT C8
and C10 dispersion coefficients tend to be about 5%–15%
larger than the present values. The source of the differences
is most likely the differences in the pseudo-oscillator
strength distributions for the rare-gas quadrupole and octu-
pole transitions. The present dispersion coefficients are to be
preferred since the rare-gas quadrupole and octupole pseudo-
oscillator strength distributions reproduce the best ab initio
calculations of dispersion coefficients of the rare-gas
dimers.17
The Li+–He, Li–He, and Be+–He dimers are all small
systems with no more than five electrons. These dimers rep-
resent some of few systems for which close to exact potential
curves could in principle be obtained from ab initio calcula-
tion. Accurate dispersion coefficients could therefore assist
in the extending the potential curves into the asymptotic re-
gion.
The relative importance of the C6 /R6 and the 2 / 2R6
TABLE XI. The long-range dispersion coefficients C6, C8, and C10 in a.u. for the 
Be+2 2P-RG interactions. The Mb column denotes the magnetic
quantum numbers of the excited state particles. For Be+–He interactions, the computational uncertainties are given in the parentheses.
System
Hylleraas CICP
Mb C6 C8 C6 C8 C10
He 0 11.647 841 438.30266 11.66 438.6 1.349104
1 6.028 2087 34.06063 6.030 34.11 4.679102
Ne 0 22.722 918.69 22.75 919.4 3.089104
1 11.883 99.877 11.89 100.0 1.591103
Ar 0 92.569 3887.4 92.66 3891 1.501105
1 45.390 622.39 45.41 622.9 1.483104
Kr 0 140.94 6087.5 141.1 6092 2.557105
1 67.404 1128.2 67.43 1129 3.219104
Xe 0 231.46 10594.8 231.7 10600 5.030105
1 106.59 2378.8 106.6 2380 8.308104
TABLE XII. The long-range dispersion coefficients C6, C8, and C10 in a.u. for the Li+1 1S-RG interaction.
Dispersion coefficients computed in Refs. 27, 41, and 42 implicitly assume an infinite mass for Li+. For Li+–He
interactions, the computational uncertainties are given in the parentheses.
Reference C6 C8 C10
Li+–He
Hylleraas 7Li+ 0.302 715 247 0232 1.995 470 532 11 18.966 884 742
Hylleraas 
Li+ 0.302 598 450 0412 1.994 839 742 41 18.961 282 592
Reference 41 0.302 598 450 031 1.994 839 7422 18.961 282 43
Reference 27 0.298 1.97 18.8
Reference 42 0.294 1.98 19.4
Li+–Ne
Hylleraas 7Li+ 0.66588 5.7756 65.355
Hylleraas 
Li+ 0.66563 5.7737 65.335
Reference 27 0.679 4.65 46.3
Reference 42 0.67 6.15 78.0
Li+–Ar
Hylleraas 7Li+ 1.8427 27.256 519.14
Hylleraas 
Li+ 1.8420 27.247 518.96
Reference 27 1.85 22.6 423
Reference 42 1.90 29.3 607
Li+–Kr
Hylleraas 7Li+ 2.5468 45.261 1034.4
Hylleraas 
Li+ 2.5458 45.245 1034.0
Li+–Xe
Hylleraas 7Li+ 3.6392 83.937 2466.3
Hylleraas 
Li+ 3.6378 83.906 2465.4
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interactions for the Li+1 1S–He interaction can be esti-
mated by using the data from Tables IV and XII. The value
of C6=0.303 a.u. is about 25% of the size of 2 /2
=1.223 a.u. The importance of the C6 dispersion interaction
when compared with quadrupole polarization interaction de-
creases for the heavier more polarizable rare gases. For Xe,
the C6=3.64 a.u. interaction is only about 3% of the size of
the Xe quadrupole interaction.
V. CONCLUSION
The dispersion coefficients for the low-lying states of the
Li, Li+, and Be+ ions interacting with rare gases have been
computed with Hylleraas wave functions and pseudo-
oscillator strength distributions for the heavier rare gases.
Comparisons with calculations using an effective one-
electron model to describe Li and Be+ resulted in agreement
that was generally at the level of 0.1%. The C6 dispersion
coefficients make the dominant contribution to the Be+-RG
long-range interaction at the OR−6 level.
The Hylleraas method was also used to construct the
ground state of Li+ and its pseudoexcitation spectrum. There
are some discrepancies with the polarizabilities from an ear-
lier Hylleraas calculation.61 The Li+-RG dispersion interac-
tion makes a smaller contribution to the long-range interac-
tion. In this case, the C6 /R6 interaction is substantially
smaller than the 2 / 2R6 interaction.
Estimates of finite-mass corrections to the dispersion co-
efficients have been given for some selected interatomic in-
teractions. These are very small and have been omitted from
most of the data tables. Nonadiabatic effects due to nuclear
motion affecting the dispersion coefficients have also been
estimated for a few interatomic interactions. The inverse
mass scaling leads to very small corrections that can be ig-
nored at the current level of accuracy.
The dispersion coefficients calculated with the Hylleraas
transition matrix element array should be regarded as giving
the current benchmark values. Discounting the uncertainties
associated with the rare pseudo-oscillator strengths, the ma-
jor source of error is the omission of relativistic effects in the
structure models for Li, Li+, and Be+.
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